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The Sachdev-Ye-Kitaev (SYK) model is a concrete model for non-Fermi Liquid with maximally
chaotic behavior in 0 + 1-d. In order to gain some insights into real materials in higher dimensions
where fermions could hop between different sites, here we consider coupling a SYK lattice by a
constant hopping. We call this dispersive SYK model. Focusing on 1 + 1-d homogeneous hopping,
by either tuning temperature or the relative strength of random interaction (hopping) and constant
hopping, we find a crossover between a dispersive metal to an incoherent metal, where dynamic
exponent z changes from 1 to ∞. We study the crossover by calculating spectral function, charge
density correlator and the Lyapunov exponent. We further find the Lyapunov exponent becomes
larger when the chemical potential is tuned to approach a Van Hove singularity because of the
large density of states near the Fermi suface. The effect of the topological non-trivial bands is also
discussed.
I. INTRODUCTION
Sachdev-Ye-Kitaev model, proposed by Kitaev1 and
closely related to the work by Sachdev and Ye2, describes
N modes Majorana fermions χi with random interaction
on a quantum dot. The model is studied extensively on
both field theory side1,3–13 and gravity side3,14–25. In this
paper, we will focus on the the field theory description
and the Lagrangian in imaginary time is given by:
LSYK =
1
2
∑
i
χi∂τχi +
1
4!
N∑
ijkl
Jijklχiχjχkχl. (1)
After canonical quantization, the commutation relation is
given by {χi, χj} = δij . Here Jijkl are some independent
random Gaussian variables with distribution:
Jijkl = 0 J2ijkl =
3!J2
N3
. (2)
This model can be solved in the Large-N limit. More-
over, if we focus on the low energy limit βJ  1
where the interaction term dominates, there is an emer-
gent conformal symmetry under transformation χi(τ)→(
dτ ′
dτ
)1/4
χ′i(τ
′). This symmetry largely simplifies analyt-
ical calculations and makes the model an ideal platform
to check new ideas on non-Fermi Liquid, quantum chaos
and holographic duality:
Firstly, by solving the Schwinger-Dyson equation for
Majorana operator, SYK model is shown to be a concrete
model for non-Fermi Liquid1,3:
〈Tτχi(τ)χj(0)〉 = G(τ)δij = b sgn(τ)|τ | 12 δij . (3)
After a Fourier transformation, one finds the spectral
function diverges as ω−1/2 as ω → 0, which is a signature
of non-Fermi Liquid.
Secondly, if one use the out-of-time-ordered correlation
function to define a quantum Lyapunov exponent λL:
〈χi(t− i3β/4)χj(−iβ/2)χi(t− iβ/4)χj(0)〉β
∼ − exp(λLt) (t β). (4)
The model is shown to be maximally chaotic with λL =
2pi/β1,3, which is proved to be a bound for a generic
quantum system26–29. Conjectured by Kitaev1, this max-
imally chaotic behavior also implies a holographic bulk
description. Indeed, the effective action for the SYK
model, which is largely determined by the symmetry of
the system, is the same as some dilaton gravity in nearest
AdS2 space-time14.
Following the basic construction of SYK model, many
different generalizations is proposed to extend our knowl-
edge of non-Fermi Liquid, quantum chaos and holo-
graphic duality30–73. One important strategy is to couple
different quantum dots (with SYK interaction or not) to
get a model in higher dimension or study the transition
(or crossover) between different fixed points30–37. In30,
the authors study a lattice of complex fermion version of
SYK models with intra cell random interaction and inter
cell random hopping:
H ′ = (
∑
i,j,x
Vij,xc
†
i,xcj,x+1 + h.c.) +
Jijkl,x
4
c†i,xc
†
j,xck,xcl,x.
(5)
Here Vij,x and Jijkl,x are some random numbers with
expectation:
Jijkl,x = 0, Vij,x = 0, (6)
and their variances are
|Jijkl,x|2 = 2J
2
N3
, |Vij,x|2 = V
2
2N
. (7)
By a naive power counting, the low-energy physics is
dominated by the random hopping (in30 they call this a
heavy Fermi-Liquid) and for small V/J there should be a
crossover to the fixed point of weakly coupled SYK mod-
els (they call this an incoherent metal) when we increase
the temperature. They study this crossover by calculat-
ing spectral function, entropy and transport coefficients
including charge diffusive constant. Interestingly, they
find the transport coefficients show similar behavior as a
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2high-Tc superconductor in its strange metal phase. An
equivalent crossover is also studied by calculating spec-
tral function, entropy and λL in
31.
Surprisingly, in this random hopping model, although
there is a coupling between different sites, the two-point
correlation function G(x, t) is non-zero only for x = 0.
As a result after a Fourier transformation, there is no
dispersion for fermions. This is a consequence of the
disorder hopping which only couples the fermion oper-
ators at the same site after disorder average. On the
other hand in real materials, dispersion, or band struc-
ture, indeed plays an important role. For example, the
nesting effect leads to instabilities such as charge-density
wave and BCS superconductivity, which is the origin of
numbers of different ordered phases74. In 1-D, it is also
the nesting effect that lead to the celebrated Luttinger
Liquid theory which describes another type of non-Fermi
Liquid75. Thus the interplay between band structure and
the chaotic random interaction is worth studying while
up to now no model exists in the context of generalized
SYK models.
In this paper we study the effect of dispersion on cou-
pled SYK lattice by adding random interaction and ran-
dom hopping between different copies of free fermions
with constant hopping t on a lattice. We call this dis-
persive SYK model. To be concrete, we focus on the
1 + 1-d case with homogeneous hopping while the con-
struction applies for any lattice. In the section 2, we
study the self-consistent equation for two point correla-
tion function and discuss results for spectral function,
which clearly shows a crossover between dispersive metal
to a super-local incoherent metal. Then, based on the
two point correlation function, we study the correlation
function for charge density in section 3. In the dispersive
limit t  V and t  J , the spectral for charge density
shows two peaks near ω ∼ cp because of the presence
of density wave for metal in 1-D where c is the velocity
for this wave mode. These peaks crossover to a diffusive
peak for incoherent metal near ω ∼ 0. The behavior of
the Lyapunov exponent when tuning β for small t/J is
studied in section 4 and we further find if we tune the
chemical potential to approach the Van Hove singularity,
the Lyapunov exponent becomes larger. We also briefly
discuss some effects of topological bands. At last we dis-
cuss some possible extensions of this work to be studied
in the future.
t
𝑉
𝐽
FIG. 1. A pictorial representation of the model described by
(8). Different dots represent different modes in each unit cell.
The dashed lines represent random interaction (hopping) and
the solid line represent the constant hopping.
II. DISPERSIVE SYK MODEL AND GREEN’S
FUNCTION
As shown in Figure 1, We consider adding a constant
hopping to a quadratically coupled SYK lattice (5):
H =(
∑
i,j,x
Vij,xc
†
i,xcj,x+1 + h.c.)− t(
∑
i,x
c†i,xci,x+1 + h.c.)
+
∑
i,j,k,l,x
Jijkl,x
4
c†i,xc
†
j,xck,xcl,x − µ
∑
i,x
c†i,xci,x. (8)
The distributions of Jijkl,x and Vij,x are the same as those
in (5). To be concrete, we first restrict ourselves to the
one-dimensional translational invariant chain with homo-
geneous hopping and then discuss how to generalize the
result. µ = 0 corresponds to half-filling because of the
particle-hole symmetry ci,x → c†i,x(−1)i after disorder
average. Here the summation over i is from 1 to N and
x is an integer that labels the lattice sites. Because the
constant hopping will make the fermions dispersive, we
call this dispersive SYK model.
The constant hopping t here only couples different sites
with the same mode index i. This means (8) can be con-
sidered as some coupled wire model. The scaling dimen-
sion for ci,x at the fixed point of the SYK4 is 1/4 and
then all quadratic terms are relevant. One thus expect
at low temperature, the low-energy part of the theory is
governed by random or constant hopping. For example, if
one set V = 0, for small t/J at extreme low temperature,
the system is in a dispersive metal phase with dynamical
exponent z = 1 while at higher temperature, it becomes
a super-local non-Fermi Liquid with dynamical exponent
z = ∞. One could also study the crossover with fixed
temperature and tune t/J . In this paper, we will ana-
lyze the crossover by calculating spectral function, charge
density correlator and the Lyapunov exponent.
We first study the problem using the imaginary-time
path integral. Usually, one should use the replica trick
to handle a problem with disorder. But because of the
large-N suppression, the coupling between different repli-
cas can be neglected to the leading order and thus we
assume there is no spontaneous breaking of the replica
permutation. Indeed this is the same argument as what
we have in the original SYK model3. From now on, we
will simply drop the replica indexes.
3x x x x
Figure 2: Self-energy in large N expansion for two point correlation function. The dashed
line indicates the disorder average and the solid line is the full-propagator for fermion.
the coupling between different replicas can be neglected to the leading order and we assume
there is no spontaneous breaking of the replica permutation. Indeed this is the same
argument as we did in a traditional SYK set-up [1]. We will then simply throw the replica
indexes.
We define
Gij(x, τ ; y, τ
′) ≡ 〈Tτ ci,x(τ)cj,y(τ ′)〉.
After disorder average, there is no coupling between different modes i. This, together with
the translational invariance, says Gij(x, τ ; y, τ ′) = δijG(x, τ ; y, τ ′) = δijG(x − y, τ − τ ′).
The Schwinger-Dyson equation for G is given by:
G−1(p, ωn) = −iωn − µ+ (p)−Π(p, ωn) (2.2)
Where (p) = −2t cos p is the single particle dispersion and Π is the self-energy by summing
up all one-particle irreducible diagrams. This can expanded in terms of 1/N . To the leading
order, it is given by diagrams shown in Figure 2. Thanks to the disorder average, these
diagrams only couple the same site:
Π(x, τ) = δx,0(V
2G(x = 0, τ) + J2G(x = 0, τ)3) (2.3)
The locality of Σ in x means the only momentum dependence of G(p, ωn) comes from (p).
This set of equations are complete and could be generalized to any lattice with (p) replaced
by the single-particle dispersion on it. One could solve the (2.2) and (2.3) by numerics. But
to obtain the spectral function, it is better to do the analytically continuation first which
gives the self consistent equation for retarded Green’s function:
GR(x, t) ≡ −iθ(t)〈{ci,x(t), ci,0(0)}〉 (2.4)
G−1R (p, ω) = ω + µ− (p)− V 2GR(x = 0, ω)− J2ΣR(x = 0, ω) (2.5)
Here ΣR(x = 0, ω) is the contribution from SYK4 interaction by analytical continuation of∫
dτeiωnτG(x = 0, τ)3 after integration over τ [1, 2]:
ΣR(x = 0, ω) = −iJ2
∫ ∞
0
dteiωt(n21(t)n2(t) + n
2
3(t)n4(t)) (2.6)
– 4 –
FIG. 2. Self-energy in largeN expansion for two point correla-
tion function. The dashed line indicates the disorder average
and the solid line is the full-propagator for fermion.
We define
Gij(x, τ ; y, τ
′) ≡ 〈Tτ ci,x(τ)cj,y(τ ′)〉.
After disorder average, there is no coupling between
diffe ent modes i. The this fact, ogether with
he ranslational invariance, says ij(x, ; y, τ
′) =
δijG(x, τ ; , τ
′) = δijG(x − y, τ − τ ′). The Schwinger-
Dyson equation for G is given by:
G−1(p, ωn) = −iωn − µ+ (p)−Π(p, ωn). (9)
Where (p) = −2t cos p is the single particle dispersion
and Π s the self-energy by summing up all one-particle ir-
educible diagrams which can expanded in terms of 1/N .
To the leading order, it is given by diagrams shown in Fig-
ure 2. Because of the disorder average, these diagrams
only couple fermion operators at the same site:
Π(x, τ) = δx,0(V
2G(τ) + J2G(τ)3). (10)
Here G(τ) = G(x = 0, τ) where we h ve omitted x = 0.
From n w on we take simil r conv tio f r any Green’s
function or spectral function. The locality of Σ in x
means the only momentum dependence ofG(p, ωn) comes
from (p). This set of equations is complete and could be
generalized to any lattice with (p) replaced by the single-
particle dispersion on it. One could solve the (9) and
(10) by numerics. But to obtain the spectral function, it
is better to do the analytically continuation first which
gives the self consistent equation for retarded Green’s
function directly:
GR(x, t) ≡ −iθ(t)〈{ci,x(t), ci,0(0)}〉, (11)
G−1R (p, ω) = ω + µ− (p)− V 2GR(ω)− J2ΣR(ω). (12)
Here ΣR(ω) is the contribution from SYK4 interaction
by analytical continuation of
∫
dτeiωnτG(τ)3 after inte-
gration over τ3,32:
ΣR(ω) = −iJ2
∫ ∞
0
dteiωt(n21(t)n2(t) + n
2
3(t)n4(t)).
(13)
with
n1(t) =
∫
A(ω)nF (−ω)e−iωt = n4(t)∗, (14)
n2(t) =
∫
A(ω)nF (ω)e
iωt = n3(t)
∗. (15)
A(ω) = − 1
pi
ImGR(ω). (16)
(a) (b)
FIG. 3. (a)Spectral function A(ω) by numerically solving (13)
and (18) for different βt/J with V = µ = 0 and βt + βJ =
35. There is an apparent particle-hole symmetry. (b)Spectral
function A(ω) for different µ with βt = 10 and βJ = 50.
For one-dimensional chain, one could further simplify
the problem by using the analytical result for the integral
over p:
GR(ω) =
∫
dp
2pi
1
a+ 2t cos p
=
1
a− 2t
√
a− 2t
a+ 2t
, (17)
with a = ω + µ− V 2GR(ω)− J2ΣR(ω). (18)
this equation then only contains the correlation function
with no spatial distance and the square root is defined
with a cut line along the negative real axis. After solving
the solution, the correlation function for any momentum
is then given by (12). In fact we know that:
GR(x, ω) =
∫
dp
2pi
cos(xp)
a+ 2t cos p
=
1
a− 2t
√
a− 2t
a+ 2t
(
1
2t
(−a+√2t+ a√−2t+ a)
)|x|
.
(19)
Now we discuss the behavior of A in different limits.
For simplicity, we set V = 0 and µ = 0 here. At finite
temperature when t J , we are studying a free hopping
fermions and the spectral function A(ω) is given by:
A(ω) =
∫
dp
2pi
δ(ω − 2t cos p) = 1
2pit| sin p∗| . (20)
for −2t < ω < 2t with p∗ = arccos( ω2t ). For ω → ±2t
the density of states diverges. This is the location of the
Van Hove singularity. For small but finite J/t, the sin-
gularity is broadened by interaction and becomes a peak
with finite density of states. Then, if we consider larger
interaction J , the spectral function is further broadened
and at last it will approach the result of a SYK4 model,
which is a narrow peak near ω ∼ 03:
A(ω) = ASYK(ω) ∝ Im
(
−iΓ(1/4−
iβω
2pi )
Γ(3/4− iβω2pi )
)
. (21)
Numerical results for A(ω) are shown in Figure 3,
which reproduces the result in both limit correctly. For
simplicity, we set µ = V = 0. This numerical results
also confirms the hopping is relevant at low-energy limit
since the peak at small ω is always split. This means the
4constant hopping suppresses the low-energy density of
states. We know that the Lyapunov exponent describes
relative long time behavior and is thus governed by low-
energy modes. We expect the system to be less chaotic
after adding the hopping term.
For free fermions, one method to increase the density
of state near the Fermi surface is to tune the chemical
potential. Thus we further study the spectral function
with different chemical potential for this dispersive SYK
model. When tuning µ ∼ ±2t, we find the low-energy
density of states becomes large, which is similar to a
non-interacting model, and the Lyapunov exponent is ex-
pected to become larger. We will check this is indeed true
in later sections.
III. CROSSOVER FROM DISPERSIVE METAL
TO DIFFUSIVE METAL: CHARGE DENSITY
CORRELATOR
Since SYK model is a concrete model for holographic
duality14, the crossover from the dispersive metal to the
incoherent metal may have a bulk version. It should be
a crossover between different gravity theory with differ-
ent dynamical exponent z which is interesting on its own
right. To make progress in finding the effective holo-
graphic dual of some theory, it is important to study
some correlation function with universal behaviors. Here
we choose to study the charge density correlator in field
theory side. First we would like to recall the knowing
result in both limit and then use the Keldysh approach
to study the correlator in all regime.
In 1-D and low-energy limit, free fermions can alter-
natively be described in term of density waves which
is a well-defined quasi-particle with linear dispersion.
This is called bosonization. From spectral function,
(for a tight-binding chain with hopping strength t and
for simplicity we only consider the result for µ = 0
in this section, where the charge transport decouples
from the energy transport.30,36) it says that the re-
tarded Green’s function for charge density correlator
ΠR,nn(p, ω) = −i
∫
dtdx eiωt−ikxθ(t) 〈[n(x, t), n(0, 0)]〉
contains two poles for t ω, p, T :
ΠDMR,nn(p, ω) =
1
2pi
(− p
ω − 2tp+ i +
p
ω + 2tp+ i
). (22)
The velocity for the density wave is given by 2t and 
is infinitely small for free fermions. As a result for large
t/J and t/V , one expect similar behavior for the disper-
sive SYK model with finite width  because the random
interaction leads to a finite lifetime for quasi-particles.
On the other hand, in the limit t/J → 0 and t/V → 0,
the model is diffusive and is called an incoherent metal30.
ΠR,nn is calculated by taking the phase fluctuation of
fermions into account which gives the leading contribu-
tion in 1/N expansion. It is found that there is no well-
defined quasi-particle for density operator and the be-
havior for ΠR,nn is hydrodynamical:
ΠHDR,nn(p, ω) =
−KDp2
iω −Dp2 (23)
where K is the compressibility ∂n/∂µ and D is the dif-
fusive constant for charge density. This corresponds to
a single diffusive peak for the dynamical structure factor
Snn(p, ω) at ω ∼ 0.
For intermediate value of t/J and t/V , there should be
a crossover between (22) and (23). Interestingly, similar
crossover also appears in a superfluid when tuning tem-
perature where the second sound connects to a diffusive
mode for entropy. We explore the crossover by using the
Keldysh contour. There are two time contours +/− and
thus two copies of fields cx,+ and cx,− (we drop N modes
index for simplicity because different i decouples to the
leading order of N). The phase fluctuation is introduced
by cx,± → exp(−iφ±(x))cx,± with an assumption that
the dependence of x for φ±(x) is smooth. We choose the
following convention76:
c1 =
1√
2
(c+ + c−), c2 =
1√
2
(c+ − c−), (24)
c1 =
1√
2
(c+ − c−), c2 = 1√
2
(c+ + c−), (25)
φcl/q =
1
2
(φ+ ± φ−), Jcl/q = 1
2
(J+ ± J−), (26)
Ncl/q =
1
2
(N+ ±N−). (27)
Here J± are source terms added to the action by
S[J±(x)] =
∫
dtdx (J+(x)N+(x)− J−(x)N−(x))
to extract the correlation function and N = c†c is the
charge density operator. One have the standard Green’s
function in Keldysh formalism:
〈cx,α(t)c0,β(0)〉 =
(
GR(x, t) GK(x, t)
0 GA(x, t)
)
.
with GK(p, ω) = (1 − 2nF (ω))(GR(p, ω) − GA(p, ω)) for
thermal equilibrium which is the fluctuation-dissipation
theorem. The source term is given by:
J+N+ − J−N− = 2JclNq + 2JqNcl. (28)
A physical variation of chemical potential µ correspond
to a symmetric change of J on both contour: J+ = J−
and similarly the physical density in given by Ncl. The
retarded Green’s function is then given by:
Ncl = − i
2
∂ lnZ
∂Jq
, ΠR,nn =
∂Ncl
∂Jcl
= − i
2
∂2 lnZ
∂Jcl∂Jq
. (29)
In action S, after integrate out fermions, there are dif-
ferent terms that contribute to the effective action of φ
5x x
x
x
Figure 4: Contribution from random hopping V for the phase fluctuation.
term, after introducing the phase φ±(x) and only keep to the second order, it is given by:
L =
(
−Vijc†x,+e−i∂xφ+cx+1,+ + h.c.
)
−
(
−Vijc†x,−e−i∂xφ−cx+1,− + h.c.
)
=
(
−Vijc†x,+(1− i∂xφ+ −
1
2
(∂xφ+)
2)cx+1,+ + h.c.
)
−
(
−Vijc†x,−(1− i∂xφ− −
1
2
(∂xφ−)2)cx+1,− + h.c.
)
=
(
−Vij(−i∂xφcl)
(
c1 c2
)
x
(
c1
c2
)
x+1
− Vij(−i∂xφq)
(
c1 c2
)
x
σx
(
c1
c2
)
x+1
+ h.c.
)
+
(
−Vij
(
c1 c2
)
x
(
c1
c2
)
x+1
+ Vij(∂xφq∂xφcl)
(
c1 c2
)
x
σx
(
c1
c2
)
x+1
+ h.c.
)
(3.9)
Focusing on the φclφq part and up to the φ2 term, the contribution to action from this
random hopping after integrating out fermions comes from two diagrams shown in Figure
4:
iS
(1)
V =
∫
dωdp Dr(ω)∂xφcl(p, ω)∂xφq(−p,−ω) (3.10)
Dr(ω) = −V 2
∫
dq0
2pi
(GR(x = 0, q0 +
ω
2
)GK(x = 0, q0 − ω
2
)
+GK(x = 0, q0 +
ω
2
)GA(x = 0, q0 − ω
2
)
−GR(x = 0, q0)GK(x = 0, q0)−GK(x = 0, q0)GA(x = 0, q0)) (3.11)
This expression is consistent with the result by expanding the effective action in [4]
and Dr is proportional to ω in low-energy limit. The contribution from c∂tc and constant
hopping t give additional contributions. Since we are interested in low-energy behavior, we
approximate the current operator by the low-energy version:
S+ =cx,+(∂tφ+ + J+)cx,+ + (∂xφ+)(p)c+(q +
p
2
)c+(q − p
2
)
d(q)
dq
− 1
2
(∂xφ+)(−p)(∂xφ+)(p)c+(q)c+(q)d
2(q)
dq2
(3.12)
where we dropped some
∫
over x or momentum here for simplicity and keep only specific
diamagnetic term that is relevant to the calculation later. A similar expression S− can be
written for − contour. For t = 0, we only have the first term and the lack momentum
– 8 –
FIG. 4. Contribution from random hopping V for the phase
fluctuation.
and J . They comes from the ∂t term, the constant hop-
ping t term and the random hopping V term. The ran-
dom hopping term, after introducing the phase φ±(x)
and only keep to the second order, it is given by:
L =
(
Vijc
†
x,+( − i∂xφ+ −
1
2
(∂xφ+)
2)cx+ ,+ + h.c.
)
−
(
−Vijc†x,−(1− i∂xφ− −
1
2
(∂xφ−)2)cx+1,− + h.c.
)
.
(30)
Here we just focus on the φclφq part which contributes
to the retarded correlator and keep up to the φ2 term.
The contribution to effective action from this random
hopping after taking the virtual process of particle-hole
excitation into account comes from the two diagrams
shown in Figure 4:
iS
(1)
V =
∫
dωdp Dr(ω)∂xφcl(p, ω)∂xφq(−p,−ω). (31
Dr(ω) = −V 2
∫
dq0
2pi
(GR(q0 +
ω
2
)GK(q0 − ω
2
)
+GK(q0 +
ω
2
)GA(q0 − ω
2
)−GR(q0)GK(q0)
−GK(q0)GA(q0)). (32)
This expression is consistent with the result by expand-
ing the effective action in30 and Dr is proportional to ω in
low-energy limit. There are also contributions from c∂tc
and constant hopping t. Since we are interested in low-
energy behavior, we approximate the current operator by
the low-energy version:
S+ =(∂xφ+)(p)c+(q +
p
2
)c+(q − p
2
)
d(q)
dq
− 1
2
(∂xφ+)(−p)(∂xφ+)(p)c+(q)c+(q)d
2(q)
dq2
+ cx,+(∂tφ+ + J+)cx,+. (33)
where we dropped some integrations over space or mo-
mentum for simplicity and keep only specific diamagnetic
term that is relevant to the calculation later. A similar
expression S− can be written for − contour. For t = 0,
we only have the first term and the lack of momentum
dependence also leads to some subtlety when one proceed
and then one has to go back to imaginary path-integral30.
For finite t, one could do all calculation directly in the
p p p p
Figure 5: Contribution from the diamagnetic term and the current-current correlation.
pendence also leads to some subtlety when one proceed and one needs to go back to
imaginary path-integral [4]. For finite t, one could do all calculation in the Keldysh contour.
The second line of (3.12) contribute a diamagnetic term (Figure 5):
iS
(2)
d =
∫
dωdp Dd∂xφcl(p, ω)∂xφq(−p,−ω)
Dd = −
∫
dq0dq
(2pi)2
d2(q)
dq2
(GK(q, q0)−GR(q, q0) +GA(q, q0)) (3.13)
Here we have modified the expression of Dd by adding the GR−GA because of the subtlety
in Keldysh approach [5] when we use G(t, t). This is indeed ture because we know for
(k) = k2 the result should be proportional to charge density while GK is proportional to
(1− 2nF ).
The first line of (3.12) can be written as J µ∂µφ where J µ is the U(1) current for
charge conservation in free-fermion limit. The contribution to the action is calculated by
evaluating the bubble in Figure 5:
iS
(3)
J =
∫
dωdp Dωω(p, ω)(∂tφcl + Jcl)(p, ω)(∂tφq + Jq)(−p,−ω)
+Dωp(p, ω) (∂xφcl(p, ω)(∂tφq + Jq)(−p,−ω) + (∂tφcl + Jcl)(p, ω)∂xφq(−p,−ω))
+Dpp(p, ω)∂xφcl(p, ω)∂xφq(−p,−ω) (3.14)
with:
Dζ1ζ2(p, ω) = −
∫
dq0dq
(2pi)2
(GR(q +
p
2
, q0 +
ω
2
)GK(q − p
2
, q0 − ω
2
)
GK(q +
p
2
, q0 +
ω
2
)GA(q − p
2
, q0 − ω
2
))
(
d(q)
dq
)δζ1,p+δζ2,p
(3.15)
Summing up all terms, using a simplified notion, the action is given by:
iSq,cl[φ, J ] =(Dr +Dd +Dpp)∂xφq∂xφcl +Dωω(∂tφcl + Jcl)(∂tφq + Jq)
+Dωp (∂xφcl(∂tφq + Jq) + (∂tφcl + Jcl)∂xφq) (3.16)
as a result,
ΠR,nn = − i
2
(Dωω + 〈(∂tφqDωω + ∂xφqDωp)(∂tφclDωω + ∂xφclDωp)〉)
= − i
2
(
Dωω + (ωDωω − pDωp)2 −1
(Dr +Dd +Dpp)p2 +Dωωω2 − 2ωpDωp
)
(3.17)
– 9 –
FIG. 5. Contribution from the diamagnetic term and the
current-current correlation.
Keldysh contour. Th second line of (33) contribute a
diamagnetic term (Figure 5):
iS
(2)
d =
∫
dωdp Dd∂xφcl(p, ω)∂xφq(−p,−ω).
Dd = −
∫
dq0dq
(2pi)2
d2(q)
dq2
(GK −GR +GA)(q, q0). (34)
Here we have modified the expression of Dd by adding the
GR −GA because of the subtlety in Keldysh approach76
when we use the Green’s function G(t, t) with two time
arguments coincident. This is indeed correct because we
know for (k) = k2 the result should be proportional to
charge density while by fluctuation-dissipation theorem,
GK is proportional to (1 − 2nF ) and we need to add a
term to cancel the constant ”1” here.
The first line of (33) can be written as J µ∂µφ where
J µ is the U(1) current for charge in free-fermion limit.
The contribution to the action is calculated by evaluating
the bubble in Figure 5 which is a bubble for current-
current correlation function:
iS
(3)
J =(Dpp)∂xφq∂xφcl +Dωω(∂tφcl + Jcl)(∂tφq + Jq)
+Dωp (∂xφcl(∂tφq + Jq) + (∂tφcl + Jcl)∂xφq) .
(35)
with:
Dζ1ζ2(p, ω) =
−
∫
dq0dq
(2pi)2
(GR(q +
p
2
, q0 +
ω
2
)GK(q − p
2
, q0 − ω
2
)
GK(q +
p
2
, q0 +
ω
2
)GA(q − p
2
, q0 − ω
2
))(
d(q)
dq
)δζ1,p+δζ2,p
. (36)
Where we have used a simplified notion. Summing up all
contributions, the action for the retarded Green’s func-
tion is given by:
iSq,cl[φ, J ] =(Dr +Dd +Dpp)∂xφq∂xφcl
+Dωp (∂xφcl(∂tφq + Jq) + (∂tφcl + Jcl)∂xφq)
+Dωω(∂tφcl + Jcl)(∂tφq + Jq). (37)
as a result,
ΠR,nn = − i
2
(
Dωω +
−(ωDωω − pDωp)2
D′ppp2 +Dωωω2 − 2ωpDωp
)
.
(38)
6Where Ds here may depend on ω and p and D′pp = Dr +
Dd +Dpp.
We first would like to check this expression (38) repro-
duce the correct formula in known limits at least small
p and ω. With V = J = 0, one could use the non-
interacting result for GR and one finds
ΠR,nn = − i
2
Dωω(p, ω) = Π
DM
R,nn(p, ω).
thanks to the fact
ωDωω − pDωp = 0,
for ω, p → 0. In fact, for free fermions, the only con-
tribution comes from the wick contraction of two density
operators and the Wald identity ωDωω−pDωp = 0 should
be always true even for large p and ω if we do’t approx-
imate the current operator by its low-energy form. This
fact, in language of the standard effective action3,30,36 for
(generalized) SYK models, means that the phase fluctu-
ation we considered here should be a fluctuation of self
energy Σ(t − t′) → exp(−iφ(t))Σ(t − t′) exp(iφ(t)). But
for Σ = 0, there is no such mode and the density n should
not couple to φ because now φ is only a unphysical gauge
transformation. Indeed mathematically this argument
leads to the Wald identity for charge conservation.
In the opposite limit, if t = 0, then we should set
Dωp = Dpp = Dd = 0 and we have:
ΠR,nn = − i
2
(
DωωDrp
2
(Dr)p2 +Dωωω2
)
= ΠHDR,nn. (39)
if one approximate:
Dωω(p, ω) ∼ 2iK, Dr(ω) ∼ −2ωKD,
as in30.
Now we would like to present the numerical result for
the crossover between these two limits. Using the numeri-
cal results for two-point correlation function, we calculate
the ΠR,nn. We plot the imaginary part ImΠR,nn(ω, 0.1)
in Figure 6 for µ = 0 and V = J . For small J and large t,
we see two peaks at±2tp which is the density mode. Tun-
ing t to be smaller and J larger, the two peak get closer
and becomes much broader. Eventually they touch the
zero point and becomes a single dissipative mode. As we
said before, this may be a starting point for the construc-
tion of a bulk dual, which now is still unclear. Because
we know the dispersive metal phase is not maximally
chaotic, we know this crossover should be embedded in
a string theory whose strongly(weakly) interacting limit
gives the dispersive metal (incoherent metal) phase.
IV. LYAPUNOV EXPONENT AND BAND
STRUCTURE
It is well known that the non-Fermi Liquid phase de-
scribed by SYK model is maximally chaotic1,3. Then it
t/J=6
t/J=1.8
t/J=1/6
-0.6 -0.4 -0.2 0.2 0.4 0.6 βω2 π
-0.3
-0.2
-0.1
0.1
0.2
0.3
Im ΠR,nn/β
FIG. 6. The spectral for density correlation function
ImΠR,nn(ω, 0.1) for different J and t with V = J , µ = 0
and βt+ βJ = 12.
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FIG. 7. Diagrammatic representation of the self-consistent
equation for OTOC. The OTOC at x will couples to OTOC
at any x′ directly because there is spatial correlation for two-
point Green’s function.
is natural to study the effect of dispersion on quantum
chaos using our dispersive SYK model. The chaotic be-
havior is characterized by Lyapunov exponent λL which
is defined in the introduction. The calculation of F (t)
can be done by first calculating the four-point correlation
function in the imaginary time path-integral and then do
the analytical continuation. But here we the choose more
direct way by using the Keldysh approach with four time
contour3.
For dispersive SYK model, because of the U(1) sym-
metry, we have to define two different types of correla-
tor which couple together as in32. Moreover, because
the fermions can now hopping, so the OTOC of different
sites will all couple directly, compared to only directly
couplings between the nearest neighbor sites in randomly
coupled SYK models34–36.
7We define:
F1(t1, t2, x) =
〈
c†x(t2 − i
3β
4
)c0(0− iβ
2
)cx(t1 − iβ
4
)c†0(0)
〉
β
,
(40)
F2(t1, t2, x) =
〈
cx(t2 − i3β
4
)c0(0− iβ
2
)c†x(t1 − i
β
4
)c†0(0)
〉
β
.
(41)
As shown in the Figure 7, the self consistent equation
for F1 and F2 is given by:
F1(t1, t2, x) =∫
dt3dt4
∑
x′
(K11 +K13)(t1, t2, x; t3, t4, x
′)F1(t3, t4, x′)
+K12(t1, t2, x; t3, t4, x
′)F2(t3, t4, x′), (42)
F2(t1, t2, x) =∫
dt3dt4
∑
x′
(K22 +K24)(t1, t2, x; t3, t4, x
′)F2(t3, t4, x′)
+K21(t1, t2, x; t3, t4, x
′)F1(t3, t4, x′). (43)
with Kab(t1, t2, x; t3, t4, 0) given by:
K11 = −2J2G∗R(x, t24)GR(x, t13)G+lr(t34)G+lr(t43), (44)
K13 =
V 2
2
∑
±
G∗R(x± 1, t24)GR(x± 1, t13), (45)
K12 = −J2G∗R(x, t24)GR(x, t13)G+lr(t34)G+lr(t34). (46)
and
K22 = −2J2GR(x, t24)G∗R(x, t13)G+lr(t34)G+lr(t43), (47)
K24 =
V 2
2
∑
±
GR(x± 1, t24)G∗R(x± 1, t13), (48)
K12 = −J2GR(x, t24)G∗R(x, t13)G+lr(t43)G+lr(t43). (49)
Here we take the long time limit and keep only
homogeneous terms. We have defined G+lr(t) =
−i
〈
cx(t− iβ2 )c†x(0)
〉
β
and used GR(t, x) = G
∗
A(−t,−x).
The kernel of the self-consistent equation is invariant un-
der time translation ti → ti+a where a is a constant and
at long time limit, we expect for a chaotic system the
time translation generator has a imaginary eigenvalue3.
We assume:
Fi(t1, t2) = exp(λL(t1 + t2)/2)fi(t1 − t2). (50)
Because of the time and spatial translational invari-
ance, we’d better go to frequency and momentum do-
0.5 1.0 1.5 2.0
log10βJ
0.1
0.2
0.3
0.4
0.5
0.6
βλL/2π
FIG. 8. Lyapunov exponent for different temperature. We
fix J/t = 10, µ = V = 0 and only consider p = 0. The Lya-
punov exponent shows a crossover between a low-temperature
weakly interacting phase and a higher temperature SYK
phase.
main. As a result, the equation is given by:
f1(p, ω) = G
s
R(p, ω)(V
2 cos(p)f1(p, ω)
+ J2
∫
dω′
(
2g1lr(ω − ω′)f1(ω′) + g2lr(ω − ω′)f2(ω′)
)
),
(51)
f2(p, ω) = G
s
R(p,−ω)(V 2 cos(p)f2(p, ω)
+ J2
∫
dω′
(
2g1lr(ω − ω′)f2(ω′) + g3lr(ω − ω′)f1(ω′)
)
).
(52)
where we defined:
GsR(p, ω) ≡
∑
x
exp(ipx)|GR(x, ω + iλL
2
)|2, (53)
g1lr(ω) = −
∫
dt
2pi
G+lr(t)G
+
lr(−t) exp(iωt), (54)
g2lr(ω) = −
∫
dt
2pi
G+lr(t)G
+
lr(t) exp(iωt), (55)
g3lr(ω) = −
∫
dt
2pi
G+lr(−t)G+lr(−t) exp(iωt). (56)
One could use the relation G+lr(ω) =
−iA(x=0,ω)
2 cosh(βω/2) to
calculate G+lr. To calculate GR(p, ω + iλL/2), one could
go back to (12) and directly derive the self-consistent
equation with shifted frequency:
G−1R (p, ω +
iλL
2
) = ω +
iλL
2
− (p)− V 2GR(ω + iλL
2
)
− J2Σ˜R(ω), (57)
where we have:
Σ˜R(ω) = −iJ2
∫ ∞
0
dteiωt−
λLt
2 (n21(t)n2(t) + n
2
3(t)n4(t)).
(58)
We first show the crossover between different fixed
points when tuning temperature. As discussed before,
8-20 -15 -10 -5 βμ
0.05
0.10
0.15
0.20
0.25
0.30
0.35
βλL/2π
FIG. 9. Lyapunov exponent for fillings. We fix βJ = 50,
βt = 10 and V = 0. We only consider p = 0. The chaotic
behavior largely enhanced when µ approach the Van Hove
singularity.
the low-temperature physics is captured by fermions hop-
ping on a lattice with random interaction, which has
quasi-particle and should be slow-scrambling. If t  J ,
then if we increase the temperature, we will get into
the regime dominated by SYK fixed point and this will
be a fast-scrambling non-Fermi Liquid without quasi-
particle. As shown in Figure 8, we find the expected
non-monotonic behavior for λL with p = 0. In high tem-
perature limit, this curve coincident with the result for
the original SYK model3.
We also study the effect of band-structure on Lyapunov
exponent. As explained in section 2, we indeed find that
near a Van Hove singularity, λL is largely enhanced be-
cause more degrees of freedom are included in the long-
time limit. In this sense, traditional SYK model, which
contains the largest possible density of states at ω ∼ 0
without the chaotic random interaction (numbers of delta
peaks), should be maximally chaotic.
One should then expect another possibility of enhanc-
ing quantum chaos by the topology of the single-particle
band. For example, first set V = µ = 0. If one have a
SSH model with hopping strength t and t′, the band is
topologically non-trivial if t < t′. Then for a open chain
there will be a localized edge state, and the local density
of states is very large. We then expect the Lyapunov ex-
ponent to get a spatial dependence which is largest near
the edge. For the special case t = 0, the edge mode then
locals at a single site and on this site the model reduces
exactly to a SYK quantum dot with maximally chaotic
behavior.
V. SUMMARY AND OUTLOOK
In this paper, we studied the dispersive SYK model by
calculating spectral function, density correlation function
and Lyapunov exponent. By either tuning the relative
strength of constant hopping and random interaction or
temperature, we find a crossover between a dispersive
metal and an incoherent metal without dispersion. We
also find the Lyapunov exponent is largely affected by
the density of states near the Fermi surface.
We would like to discuss some possible extension of
this work. In31–33, the authors consider coupling SYK
sites with different number of modes and this leads to
a new non-Fermi Liquid fixed point which is also maxi-
mally chaotic and stable at low temperature. It will be
interesting to generalize dispersive SYK model to cover
the case with different number of modes on each site,
which may lead to new crossover physics.
Effect of an additional constant interaction may also
be interesting. For example, considering a time-reversal
invariant system with attractive interaction together and
a band-structure, there is a cooper instability. As a re-
sult, in the low temperature limit, for high dimension,
the fermions should pair and forms a superconductor. At
higher temperature, the band structure is washed out by
the random interaction and this induce a transition be-
tween superconductor and incoherent metal. The critical
behavior of this transition may be interesting.
Dispersive SYK model also provide a platform to study
the interplay between topology of the band-structure and
quantum chaos in more details than the brief discussion
in the last section. For example, in 2+1-d one may study
coupling Haldane model lattice by random interaction,
which may give an example of topologically non-trivial
insulator with strong interaction. The possibility of some
fractional Chern insulator may also be interesting. We
defer these for further study.
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